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THE IDEAL-BASED TRIPLE ZERO GRAPH OF A COMMUTATIVE
RING

ECE YETKIN CELIKEL

ABSTRACT. Let R be a commutative ring with 16= 0 and I a proper ideal of
R. The primary focus of this paper is a generalization of the triple zero graph
which is called the ideal-based triple zero graph. LetTZI (R) = {x∈ R : xyz∈ I
for somey,z∈ R such thatxy,yz,xz /∈ I}. In this paper, we introduce the ideal
based triple zero graph ofR with respect toI denoted byTZΓI (R) with vertices
T ZI (R). Two distinct verticesx andy are adjacent if and only ifxy /∈ I andxyz∈ I
for somez∈ Rsuch thatyz,xz /∈ I .

1. INTRODUCTION

Throughout this paper all rings are commutative with 16= 0. The concept of
zero-divisor graph ofR was defined by I. Beck [11]. According to Beck’s defi-
nition, every graph contained a star subgraph where 0 was adjacent to every other
vertex. Then the zero-divisor graph has been studied by D.D.Anderson, M. Naseer
[1] with the following definition: The set of vertices of thisgraph isR and distinct
verticesx,y ∈ R are adjacent if and only ifxy= 0. In the late 1990s, D. F. An-
derson and P. S. Livingston [3] modifed Beck’s definition to the following: Let
the vertices of the graph beZ(R)∗ = Z(R)\{0}, whereZ(R) = {x∈ R : xy= 0 for
somey∈ R\{0}} is the set of zero-divisors ofR, and distinct verticesx andy are
adjacent if and only ifxy= 0. By this study, they focus on relations between ring-
theoretic properties and graph-theoretic properties. Many authors have studied the
zero-divisor graph in [2], [3], [4], [5]. In 2001, S. P. Redmond gave the following
definition in [14], [15]. LetR be a commutative ring with nonzero identity and
I an ideal ofR. DefineΓI (R) to be the graph on vertices{x ∈ R\I : xy∈ I for
somey ∈ R\I}, where distinct verticesx andy are adjacent if and only ifxy∈ I .
This is called the ideal-based zero-divisor graph ofR with respect to the idealI .
Ideal-based zero divisor graphs are studied by many authors[6], [7]. Recently, in
[16], the triple zero graph of a commutative ringTZΓ(R) has been investigated.
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Let TZ(R) = {a ∈ Z(R) : there existsb,c ∈ R such thatabc= 0, ab 6= 0, ac 6= 0,
bc 6= 0}. The triple zero graph ofR is an undirected graphTZΓ(R) with vertices
TZ(R) and two distinct verticesa andb are adjacent if and only ifab 6= 0 and there
is an elementc∈ R such thatabc= 0, andbc,ac 6= 0. Let I be a proper ideal of a
commutative ringR. In this paper, we introduce the ideal based triple zero graph
of a commutative ringR respect to the idealI denoted byTZΓI(R). This graph is a
very natural generalization of the triple zero graph in [16].

For the sake of completeness, we state in this section some definitions from
graph theory which will be used in the sequel. LetG be a (undirected) graph. The
order ofG, denoted by|G|, is equal to the cardinality of the vertex set. At times, we
will let V(G) denote the vertex set ofG andE(G) denote the edge set ofG. A graph
isomorphism is a bijection between the vertex sets which preserves edges. A graph
H is a subgraph ofG, denotedH ⊆ G, if theV(H)⊆V(G) andE(H)⊆ E(G). It is
well known thatG is connected if there is a path between any two distinct vertices.
For verticesa andb of G, we say that the distance betweena andb, d(a,b), is
the length of a shortest path froma to b. If there is no path betweena andb, then
d(a,b) = ∞, and d(a,a) = 0. A graph G is said to be totally disconnected if it
has no edges. The diameter ofG is defined bydiam(G) = sup{d(a,b) : a andb
are vertices ofG}. A cycle in a graph is a path that begins and ends at the same
vertex. The girth ofG, denoted bygr(G), is the length of a shortest cycle inG.
If G contains no cycles, thengr(G) = ∞. A cycle of length three is commonly
called a triangle, a cycle of length four is a square. A graph is said to be triangle-
free graph if no three vertices form a triangle of edges. A graph G is complete if
any two distinct vertices are adjacent. The complete graph with n vertices will be
denoted byKn. A complete bipartite graph is a graphG which may be partioned
into two disjoint non-empty vertex setsA andB such that two distinct vertices are
adjacent if and only if they are in distinct vertex sets. We denote the complete
bipartite graph byKm,n, where| A |= m and| B |= n. If one of the vertex sets is a
singleton, then we callG a star graph because of its resemblence to a star shape.
A star graph is clearly aK1,n. As usual,Z andZn will denote the integers and
integers modulon, respectively. For an idealI of R, the radical ofI is defined to
be

√
I = {a ∈ R : an ∈ I for somen ∈ N}. We will denote the ideal of nilpotent

elements of a ringRby Nil(R) =
√

0. We say that ringR is reduced ifNil(R) = 0.
For general background and terminology, the reader may consult [12], [8], [13].

2. PROPERTIES OF THE IDEAL-BASED TRIPLE ZERO GRAPH

Let Rbe a commutative ring with 16= 0. In this section, we generalize the notion
of the triple zero graph to the triple zero graph ofR based on a nonzero idealI of
R. To avoid trivialities, we always assumeI 6= R. We investigate basic properties
of the triple zero graph ofRwith respect toI .
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Definition 2.1. Let I be a proper ideal of a commutative ringR. We define an
undirected graphTZΓI(R) with verticesTZI(R) = {a ∈ R : there existsb,c ∈ R
such thatabc∈ I , andab,bc,ac /∈ I}, where distinct verticesa andb are adjacent
if and only if there is somec∈ R such thatabc∈ I , andab,bc,ac /∈ I .

Example 2.2.
(1) Let R= Z2[X]/(X4) andI = (X3). ThenTZΓI(R)∼= K2. Indeed,X−X+

X2 asX ·X · (X+X2) = X3 ∈ I , but X ·X /∈ I andX · (X+X2) /∈ I .
(2) LetR= Zp[X]/(X4) andI = (X3). Then the vertices ofTZΓI(R) are in the

form of aX+ bX2, wherea ∈ {1, ..., p− 1} andb ∈ {0, ..., p− 1}; so the
number of vertices isp(p− 1). Since(aX)(bX)(cX) ∈ I , and(aX)(bX),
(bX)(cX), (aX)(cX) /∈ I , for all a,b,c ∈ {1, ..., p− 1}, all vertices in the
form of kX,wherek∈ {1, ..., p−1} are adjacent. Leta,b,d∈ {1, ..., p−1}
andc,e∈ {0, ..., p−1}. Also observe that(aX)(bX+cX2)(dX+eX2)∈ I ,
and(aX)(bX+ cX2) /∈ I , (aX)(dX+ eX2) /∈ I , (bX+ cX2)(dX+ eX2) /∈
I . HenceaX− bX+ cX2 − dX+ eX2. Thus TZΓI(R) is complete; i.e.,
TZΓI(R)∼= Kp2−p.

(3) Let R= Zpn and I = (p3), where p is a prime integer andn ≥ 3. Then
TZΓI(R)∼=Kφ(pn−1), whereφ is the Euler’s function. Indeed, the triple zero
graph ofZpn with respect to its ideal(p3) is a complete graph with the ver-
tices of the formkp, where(k, p) = 1 andkp< pn. So

∣

∣V(TZΓ(p3)(Zpn)
∣

∣=
∣

∣k : 0< k< pn−1
∣

∣= φ(pn−1).

Let n be an even integer. Then the following example shows that there is a ring
Rwith a nonzero idealI such thatTZΓI(R)∼= Kn.

Example 2.3. ConsiderR= Zn× Z2 [X]/
(

X3
)

andI = Zn×0. Then the vertices
of TZΓI(R) are of the type(a,X) and(b,X +X2), wherea,b ∈ Zn, and observe
that this graph is complete. ThusTZΓI(R)∼= K2n.

Example 2.4.LetR=Z210 and consider the idealI =(105) = {0,105} of R. Since
3·5·7= 105∈ I and neither 3·5, 3·7 nor 5·7 is in I , the vertices 3,5,7 of TZΓI(R)
are adjacent. Also the other adjacent vertices (i.e., triangles) are as shown in Figure
1.

FIGURE 1. TZΓ(105)(Z210)
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On the other hand, the reader can observe that the vertices ofthe ideal-based zero-
divisor graphΓI(R) areV(ΓI(R)) = {3,5,6,7,9,10, ...,205}. However,TZΓI(R)
is not a subgraph ofΓI (R) as 2 is a vertex ofTZΓI(R) while 2 is not a vertex of
ΓI(R).

Example 2.5. Let Rn = Z2×Zpn and I = Z2×{0}, wherep is a prime number
andn is a positive integer. It can be easily seen thatTZΓI(R1) andTZΓI(R2) are
the empty graph for all prime numbersp. Suppose thatp = 2 andn = 3. Then
gr(TZΓI(R3)) = 3. Indeed, we obtain a triangle(0,2)− (0,6)− (1,6)− (0,2).
More generally, forn≥ 3, we obtain a triangle(0, p)− (0,kp)− (1,kp)− (0, p),
wherek is a integer distinct fromp with 1< k< pn−1. Thusdiam(TZΓI(Rn)) = 2
andgr(TZΓI(Rn)) = 3 for n≥ 3.

Theorem 2.6. Let I be a proper ideal of R. If TZI(R) is an ideal of R, then TZI(R)
is a prime ideal of R.

Proof. Suppose thatab∈ TZI(R) for somea,b∈ R. Then there existsx,y∈ Rsuch
that(ab)xy∈ I andabx,aby,xy /∈ I . There are two cases:

Case I. Assume thataxy∈ I . Sinceax,ay,xy /∈ I , we havea∈ TZI(R).
Case II. Letaxy /∈ I . Suppose thatbxy /∈ I . Sinceabxy∈ I , axy,bxy,ab /∈ I , we

conclude thatb∈ TZI(R). So assume thatbxy∈ I . Sincexy,bx,by /∈ I , we obtain
b∈ TZI(R). ThusTZI(R) is a prime ideal ofR. �

As a generalization of prime ideals, A. Badawi introduced the concept of 2-
absorbing ideal of a commutative ring in [9]. A proper idealI of R is said to be
2-absorbing ifa,b,c∈ Rwith abc∈ I implies that eitherab∈ I or bc∈ I or ac∈ I .
As mentioned in the introduction byΓI (R) we mean the ideal-based zero-divisor
graph ofRon vertices{x∈ R\I : xy∈ I for somey∈ R\I}, where distinct vertices
x andy are adjacent if and only ifxy∈ I .

Proposition 2.7. Let I be an ideal of R. Then the following properties hold:

(1) If I = {0}, thenTZΓI(R) = TZΓ(R).
(2) TZ(R/I) = TZI(R)/I .
(3) If ΓI (R) = /0, thenTZΓI(R) = /0.
(4) TZΓI(R) = /0 if and only if I is a 2-absorbing ideal ofR.

Proof. The proofs of (1), (2), and (3) are clear from definitions.
(4) Suppose thatTZΓI(R) = /0 anda,b,c ∈ R with abc∈ I . Since there is no

triple zero element ofI , we conclude that eitherab∈ I or bc∈ I or ac∈ I . ThusI is
a 2-absorbing ideal ofR. Conversely suppose thatI is a 2-absorbing ideal ofRand
a∈ TZI(R). Thenabc∈ I , ab,bc,ac /∈ I for someb,c∈ R, a contradiction. �

Note that ifI = P1∩P2, whereP1 andP2 are prime ideals ofR, thenTZΓI(R) is
empty. Indeed, the intersection of two prime ideals is a 2-absorbing ideal ofR by
[9]; so this graph is empty by Proposition 2.7(4).
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Theorem 2.8. Let I be a nonzero ideal of R. If P1, P2, and P3 are prime ideals of
R, and I= P1∩P2∩P3, then TZΓI(R) is a complete tripartite graph.

Proof. Suppose thata,b,c ∈ R such thatabc∈ I with ab,bc,ac /∈ I . Thenabc∈
Pi for all i = 1,2,3. Since everyPi is prime, we obtain thata ∈ Pi or b ∈ Pi or
c ∈ Pi for eachi = 1,2,3. As ab,bc,ac /∈ I , without loss generality, we assume
thata∈ P1\(P2∪P3), b∈ P2\(P1∪P3), andc∈ P3\(P1∪P2). ThereforeTZΓI(R)
is a complete tripartite graph with partsP1\(P2∪P3), P2\(P1∪P3), andP3\(P1∪
P2). �

Theorem 2.9. Let R is a quasi-local ring with maximal ideal M such that M2 =
{0}. Then TZΓI(R) = /0 for all ideals I of R.

Proof. Suppose thatR is a quasi-local ring with maximal idealM such thatM2 =
{0}. From Corollary 3.3 [10], all ideals ofRare 2-absorbing. Thus the ideal-based
triple zero graph is empty for all idealsI of Rby Proposition 2.7(4). �

Proposition 2.10. Let I be an ideal of a ring R. If TZΓI(R) has exactly one vertex,
then I= {0}.

Proof. Suppose thata ∈ TZI(R) is the only vertex of the graphTZΓI(R). Then
a3 ∈ I , buta2 /∈ I . Let i ∈ I . Sincea·a·(a+ i) = a3+a2i ∈ I , a·(a+ i) = a2+ai /∈ I
anda2 /∈ I , we conclude thata− (a+ i). Hencea= a+ i asa is the only vertex of
the graph. Thusi = 0, and soI = {0}. �

Theorem 2.11. Let R1 and R2 be commutative rings with identity, R= R1×R2,
and I be an ideal of R1. Then the following hold.

(1) TZΓI(R1) = /0 if and only if TZΓI×R2(R) = /0.
(2) TZΓI(R1) is complete if and only ifTZΓI×R2(R) is complete.

Proof. Observe that ifa is adjacent tob in TZΓI(R1), then(a, r) is adjacent to(b,s)
in TZΓI×R2(R) for all r,s∈ R2; and the converse is also true. Thus the results are
clear. �

Theorem 2.12.Let R1 and R2 be commutative rings, I1, I2 ideals of R1,R2, respec-
tively. Let R= R1×R2 and I= I1× I2. If R1 = I1 and
diam(TZΓI2(R2))> 0, then diam(TZΓI(R)) = diam(TZΓI2(R2)).

Proof. Let diam(TZΓI(R)) = n anddiam(TZΓI2(R2)) = m. First suppose thatn>
m. Then there are(a0,b0),(a1b1), ...,(an,bn)∈TZI(R) such that(a0,b0)−(a1b1)−
·· ·− (an,bn) is a minimal path. Hence we getb0−b1−·· ·−bn which is a path in
TZΓI2(R2). Sincediam(TZΓI2(R2))< n, this path can not be a minimal path. Here
we have the following cases:

Case I. Assume thatbi −b j for somei, j ∈ {0, ...,n} with i +1< j. Hence we
obtain(ai ,bi)− (a j ,b j) which contradicts(a0,b0)− (a1,b1)−·· ·− (an,bn) being
a minimal path.
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Case II. Assume thatb0−c−bn for somec∈ TZI2(R2) which is distinct frombi

for all i = 0, ...,n. Hence we obtain(a0,b0)−(0,c)−(an,bn), a contradiction again.
Thusn≤ m.

Now supposen< m. Then there is a minimal pathb0−b1−·· ·−bm for some
b0,b1, ...,bm ∈ TZI2(R2). Then we obtain a minimal path of lengthm : (r0,b0)−
(r1,b1)−·· ·− (rm,bm) in TZΓI(R) for all r0, r1, ..., rm ∈ R1 asR1 = I1, which is a
contradiction. Thusn≥ m. Consequently, we haven= m. �

Theorem 2.13.Let R1, R2, R3 be commutative reduced rings (not necessarily with
identity), R= R1×R2×R3, and diam(TZΓ(R1)) = diam(TZΓ(R2))
= diam(TZΓ(R3)) = 0. Then diam(TZΓ(R)) = 0 if and only if R1 = {0} or R2 =
{0} or R3 = {0}.

Proof. Suppose on the contrary thatR1 6= {0}, R2 6= {0}, andR3 6= {0}. Hence
there are some elementsa ∈ R1\{0}, b ∈ R2\{0}, c ∈ R3\{0}. Since(a,b,0)−
(0,b,c)− (a,0,c) is a path of length 2,diam(TZΓ(R)) 6= 0. Conversely, ifR1 =
R2 = {0}, thenR∼= R3, sodiam(TZΓ(R)) = 0. Without loss of generality, ifR1 =
{0} andR2,R3 6= {0}, thenR∼= R2×R3, and it is easy to see that there is no triple
zero element ofR2×R3. Thusdiam(TZΓ(R)) = 0. �

Theorem 2.14.Let I be an ideal of a ring R, and let a,b∈ R\I . Then the following
hold.

(1) If a+ I andb+ I are adjacent inTZΓ(R/I), thena andb are adjacent in
TZΓI(R).

(2) If a andb are adjacent inTZΓI(R) anda+ I 6= b+ I , thena+ I andb+ I
are adjacent inTZΓ(R/I).

(3) If a is adjacent tob in TZΓI(R) anda+ I = b+ I , thena2,b2 /∈ I , buta2c∈ I
andb2d ∈ I for somec,d ∈ R.

(4) If TZΓI(R) = /0, thenTZΓ(R/I) = /0.

Proof. (1) Suppose thata+ I andb+ I are adjacent inTZΓ(R/I). Hence there is
somec+ I ∈ R/I such that(a+ I)(b+ I)(c+ I) = abc+ I = 0+ I , (a+ I)(b+ I) =
ab+ I 6= 0+ I , (a+ I)(c+ I) = ac+ I 6= 0+ I , and(b+ I)(c+ I) = bc+ I 6= 0+ I .
This means thatabc∈ I , but neitherab∈ I , bc∈ I , nor ac∈ I . Thusa is adjacent
to b in TZΓI(R).

(2) Suppose thata−b in TZΓI(R) anda+ I 6= b+ I . Thenabc∈ I , ab,bc,ac /∈ I
for somec ∈ R. Hence(a+ I)(b+ I)(c+ I) = abc+ I = 0+ I , (a+ I)(b+ I) =
ab+ I 6= 0+ I , (a+ I)(c+ I) = ac+ I 6= 0+ I , and(b+ I)(c+ I) = ab+ I 6= 0+ I .
Thereforea+ I is adjacent tob+ I in TZΓ(R/I).

(3), (4) are clear. �

Theorem 2.15.Let I be an ideal of a ring R. Then gr(TZΓI(R))≤ gr(TZΓ(R/I)).

Proof. Suppose thatgr(T ZΓ(R/I)) = ∞. Then we are done. So suppose
gr(TZΓI(R)) = n. If a1+ I −a2+ I −·· ·−an+ I −a1+ I is a cycle inTZΓ(R/I)
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throughn distinct vertices, thena1 − a2 − ·· · − an − a1 is a cycle inTZΓI(R) of
lengthn by Theorem 2.14(1). Thusgr(TZΓI(R))≤ n. �

Theorem 2.16. Let R be a commutative ring with nonzero identity and I an ideal
of R. If TZΓ(R/I)∼= K1, then TZΓI(R)∼= K|I |.

Proof. Suppose thata+ I is the vertex ofTZΓ(R/I). Hence we havea3 ∈ I and
a2 /∈ I . Observe that(a+ i1)(a+ i2)(a+ i3) ∈ I , but (a+ i j)(a+ ik) /∈ I for all
j,k= 1,2,3. ThusTZΓI(R) is a complete graph on|I | vertices. �

Corollary 2.17. Let I be a nonzero ideal of a ring R. If TZΓ(R/I) has only one

vertex, then gr(TZΓI(R)) =

{

3 if |I | ≥ 3
∞ if |I |= 2

.

Note that there is a relationship betweenTZΓ(R/I) andTZΓI(R) which is simi-
lar to the relationship betweenΓ(R/I) andΓI (R) given in [14]. LetI be an ideal of
a ringR. Then we can construct the graphTZΓI(R). Let {aλ}λ∈Λ ⊆ R be a set of
coset representatives of the vertices ofTZΓ(R/I). For eachi ∈ I , define a graphGi

with vertices{aλ + i : λ ∈ Λ}, whereaλ + i andaα+ i are adjacent inGi if and only
if aλ + I andaα + I are adjacent inTZΓ(R/I). Now we can define a graphG with
verticesV(G) = ∪i∈I Gi and which satisfies the following property for edges:G
contains all edges which are inGi for all i ∈ I and forλ 6= α ∈ Λ, aλ + i is adjacent
to aα + i in Gi if and only if aλ + I is adjacent toaα + I in TZΓ(R/I). For i 6= j ∈ I ,
aλ + i is adjacent toaα + j if and only if a2

λ,a
2
α /∈ I , and there existc,d ∈ R such

thata2
λc∈ I anda2

αd ∈ I .
Let RandSbe commutative rings andI , J ideals of them, respectively. The fol-

lowing example shows thatTZΓ(R/I)∼=TZΓ(S/J) does not imply thatTZΓI(R)=
TZΓJ(S).

Example 2.18. Consider the idealI = Z2×0 of R= Z2×Z8. Then observe that
R/I ∼=Z/(8); soTZΓ(R/I)∼= TZΓ(Z/(8)). However,TZΓI(R)∼=K4 as illustrated
in Figure 2, butTZΓ(8)(Z) is not. IndeedTZΓ(8)(Z) has infinitely many vertices:
2, 2k, wherek is an odd integer.

FIGURE 2. TZΓZ2×0Z2×Z8
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Proposition 2.19. If a and b are distinct adjacent vertices in TZΓI(R), then all
distinct elements of a+ I and b+ I are adjacent in TZΓI(R). If a2 ∈ I, then none
of the distinct elements of a+ I are adjacent in TZΓI(R).

Proof. Suppose thata−b in TZΓI(R). Thenabc∈ I , andab,bc,ac /∈ I for some
c∈ R. Then(a+ i1)(b+ i2)(c+ i3) ∈ I , and(a+ i1)(b+ i2), (a+ i1)(c+ i3), (b+
i2)(c+ i3) /∈ I for all i1, i2, i3 ∈ I . Thus all distinct elements ofa+ I andb+ I are
adjacent inTZΓI(R). Now suppose thata2 ∈ I . Since(a+ i) · (a+ j) ∈ I for all
i, j ∈ I , the result is clear. �

Let I be an ideal ofR. By using the similar idea in [14], we can define a con-
nected column ofTZΓI(R) as follows:

Definition 2.20. We call the subsetaλ + I a column ofTZΓI(R). If a2
λ /∈ I , but

a2
λc∈ I for somec∈ R, then we callaλ + I a connected column ofTZΓI(R).

Theorem 2.21.Let I be an ideal which has two elements of a ring R. If TZΓ(R/I)
has at least two vertices and TZΓI(R) has at least one connected column, then
gr(TZΓI(R)) = 3.

Proof. Suppose thata+ I is a connected column ofTZΓI(R), anda+ I , b+ I are
adjacent vertices ofTZΓI(R). Henceabc∈ I , andab,bc,ac /∈ I for somec ∈ R.
Sincea+ I is a connected column,a2 /∈ I anda2d ∈ I for somed ∈ R. Let I =
{0, i}. Then we obtain a cycleb− a− (a+ i)− b of length 3 inTZΓI(R). Thus
gr(TZΓI(R)) = 3. �

Theorem 2.22. Let I be an ideal of a ring R. If|I | ≥ 3 and TZΓI(R) contains a
connected column, then gr(T ZΓI(R)) = 3.

Proof. Suppose thata+ I be a connected column ofTZΓI(R). Thena2 /∈ I and
a2c∈ I for somec∈ R. Since|I | ≥ 3, there arei, j ∈ I\{0}. Hencea− (a+ i)−
(a+ j)−a is a cycle of length 3 inTZΓI(R). Thusgr(TZΓI(R)) = 3. �

Recall from [10] that an idealI of a ringR is called weakly 2-absorbing ideal if
whenevera,b,c∈ Rwith 0 6= abc∈ I , then eitherab∈ I , bc∈ I , or ac∈ I .

Lemma 2.23. [10] Let I be a weakly 2-absorbing ideal of R. If I is not 2-absorbing
ideal of R, then I3 = 0.

Let SI (R) = {x∈ R : x3 = 0}. Note that if I is a weakly 2-absorbing ideal which
is not 2-absorbing, then I⊆ SI (R)⊆ Nil(R).

Theorem 2.24. Let I be a weakly 2-absorbing ideal of a commutative ring R.
Then V(TZΓI(R)) ⊆ {a ∈ R : abc= 0 for some b,c ∈ R such that ab,bc,ac /∈ I}.
Additionally, if R is an integral domain, then TZΓI(R) = /0.

Proof. Suppose thatI is a weakly 2-absorbing ideal ofR, and
a∈V(TZΓI(R)). Hence there areb,c∈ Rwith abc∈ I , butab,bc,ac /∈ I . If abc 6=
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0, then we conclude that eitherab∈ I , bc∈ I , or ac∈ I , a contradiction. Thus
abc= 0; so we are done. The ”additionally” part is clear. �

The author is grateful to the referees for their comments andvaluable sugges-
tions which let to the improvement of the manuscript.
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